Solving Non-linear ODE

o Objective
+ Time domain solution of a system of differential equations
m Given a function or a system of functions: f(X) or F(X)
m Seek a time domain solution X(t) or X(t) which satisfy f(x) or F(X)

» Integration of the differential equations
+ Linear equations - Closed form solutions:
m Laplace transforms

+ Non-linear equations - Frequently no closed form solutions:

m Numerical integration
o Taylor Series
o Euler
o Runga-Kutta

Power Systems |



Solving Non-linear ODE

o Taylor Series
+ Consider

dx
— = f (X
- (X)

+ Then by expansion

X(t+h)=x+ hx’+Dx”+Ex’"+DxiV +...
2 3! 4]

X =—-kx-k, —ct—ct*—ct’—...
X"=-kX -c,—2c,t-3ct’—...
X" =-kXx" —-2c,-6c;t—...
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Solving Non-linear ODE

o Euler's Method
+ First term of the Taylor’s series only is used

X(t+h) =x+hx +e(t, h)

Y(X) = X +C, X+ Cyy +C t +C,t° +C t°+...=0

X' =—Cy,;X—Cyy —Cot —Cot* —Cyt® —...

tk+l — tk + h

X=X+ h(— Cy X —Cyo —Ct —Cot” —Cit® —. )
= X + (= Go,X* = Gy = € okN = Cyok®h? = Cyokh?

X(t) = x(kh) = x*
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Euler's Method

< At —— At

LoV
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Solving Non-linear ODE

o Runga-Kutta

h
X(t +h) = x+g(91+292 +29,+0,)

g, = X (t,X) g, = X (t,x+3hg,)
g; =X (t,x+3hg,) 9d,=X(t,x+hg,)
X (t,X) « Y(X)

tk+1 — tk + h

X(t) = x(kh) = x*
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Application

o Power system equation

2

1 49 _p _p) DiOng,
rf, dt

H — M
7T 1,
d’9 _P, _P@®)_da du _ , _B, _PR(x)

dtzMMdtthl'I\/IM

w:% %:X' — =

| dt dt 2i Xli |
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Application

) h
Xit = XK +E(91i1 +20,, + 2055 + Oy )
, P P(x;
Oy, = X (t, X) = M - Ii/IZ)

K 1
O, = X (t,x+3hg,) = P _ R.(x; +3hg,)

M M

P  P(x{+1ihg,,)
i :X’ t,X+lh —_m _ " e\""2 2 29
Guis ( > hg,) A v

(] — — Im I (X +|I” )
” X’ t,X+h p— — _e\"2 23
! ( gS) M M
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Application
.\ h
X;i = Xgi +E(92i1 +20,, t 20,5+ gZi4)
0,1 = X (t,X) = Xfu
0., = X (t,x+3hg,) = Xﬁ
0,5 = X(t,Xx+3hg,) = Xf
Oo4 = X (t,X+hg,) = Xfu
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t, sec
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t, sec
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Modeling Steps

» Solve the initial load flow and obtain the initial bus
voltage magnitude and phase angle

» Calculate the machine currents prior to the disturb ance
| — Smach—i

mach—i ~ \ ;*
Vmach—i

» Obtain the voltages behind the transient reactances

E’

mach—i

=V

. I
mach-—i + J Xd I

mach-i

o Convert all loads to equivalent admittances
— S — R B JQ.
yiO _ N‘Z - N‘Z
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Modeling Steps

o Combine the generator models with the network’s bus

admittance matrix with converted loads

0
I

| " mach _|

Use kron reduction (matrix form) to remove the netw

Y
YT

. N—

nn

mach

buses from the matrix

Y reduced — Y

bus

mach
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mach—mach

— Y reduced Er

mach

Y
Y

n—mach

_YT

n—mach

mach—-mach _| L —mach _

V

n

E'

Yl Y

n—mach
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Modeling Steps

o EXpress in terms of the machines’ excitation voltag es, the
power output

Smach =i = Emach ||mach =i
P

mach—i - |j[Emach - mach |]

_ /
mach—i — Z Emach—jYij
=1

P = 3 B B [ 046, -3 +5)
j=1
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Example

» Consider the following system

+ athree-phase fault at the middle of one line is cleared by
Isolating the faulted circuit simultaneously at both ends.

+ The fault is cleared in 0.3 seconds, perform several steps of the
numerical solution of the swing equation using the modified Euler
method with a step size of
At = 0.01 seconds.

+ graph the swing equation for clearing times of 0.3 s,
0.4s,and 0.5 s.

H=5.0

Xy =j0.3 j0.2
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Example

H=5 Machine parameters

P =08

E=V+jX,|=10+(j065) 08~ 1’8'074 = 117026°

Py = PraxSINO = (1'17)(1'0)5“15: 18sino Pre-fault equation

J, = 264° = 0.4606rad
P. =08 Aw=0rad/s

Initial conditions

max

pl fault] _ (1'1Z)Egl'o)sin5: 065sind

- fault parameters
P =P, -P™4=08-065sind
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Example

29 =0rad/s

dt .,

%’ = 7189 08— 065sin(0.4606rad)) = 1927 rad/2
%

5P = 0.4606+ (0)(001) = 0.4606rad
AwP =0+(1927)(001) = 0.1927rad/s
do

—1 =0.1927rad/s

it |,

%’ = 7189 08— 065sin(0.4606rad)) = 1927 rad/g
&P
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Example

oF =0.4606+1(0+0.1927)(001) = 0.4615rad
Aaf =0+41(1927+1927)(001) = 0.1927rad/s

End of first step. Next step:

29 =0.1927rad/s

dt |,

%’ - 7180 08— 065sin(0.4615rad)) = 19.25rad/2
5F
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Example

One-machine system swing curve. Fault cleared at 0.3s
100 I I I !

Power angle / time
fault clearing in 0.3 s

Delta, degree

t, sec

Power Systems |



Example

One-machine system swing curve. Fault cleared at 0.4s
140 1 T T T

Power angle / time
fault clearingin 0.4 s

120

100

80

Delta, degree

60

40

20 ;
t, sec
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Example

machine system swing curve. Fault cleared at 0.5s

One

0.8

0.6

t, sec

0.4

0.2

500

2

O]

albap ‘v

(@]

Power angle / time
fault clearing in 0.5 s
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